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Abstract 

The number of spanning trees in a class of directed circulant graphs with generators 
depending linearly on the number of vertices /3n, and in the n-th and (n — l)-th power 
graphs of the /3n-cycle are evaluated as a product of \/3/ 2] — 1 terms. 


1 Introduction 

In this paper we study the number of spanning trees in a class of directed and undirected 
circulant graphs. Let 1 < 71 < • • • < 7d < [_?z/2J be positive integers. A circulant directed graph, 
or circulant digraph, on n vertices generated by 71 ,... ,7 d is the directed graph on n vertices 
labelled 0,1 ,..., n — 1 such that for each vertex v £ TLInL there is an oriented edge connecting 
v to v + 7 m mod n for all m £ {1,..., d}. We will denote such graphs by d 7l, ‘"’ 7d . Similarly, 
a circulant graph on n vertices generated by 71 ,... 7d, denoted by C 7l ’ "’ 7d , is the undirected 
graph on n vertices labelled 0,1 ,..., n— 1 such that each vertex v £ hlnL is connected to r>±7 m 
mod n for all m £ {l,...,d}. Circulant graphs and digraphs are used as models in network 
theory. In this context, they are called multi-loop networks, or double-loop networks when they 
are 2-generated, see for example M- The number of spanning tree measures the reliability of 
a network. 

The evaluation of the number of spanning trees in circulant graphs and digraphs has been widely 
studied, were both exact and asymptotic results have been obtained as the number of vertices 
grows, see 0 0 HU na Q3I and references therein. In 0 0, the authors showed that the 
number of spanning trees in such graphs satisfy linear recurrence relations. Yong, Zhang and 
Golin developped a technique in m to evaluate the number of spanning trees in a particular 
class of double-loop networks In the first section of this work, we derive a closed 

formula for these graphs, and more generally for d-generated circulant digraphs with generators 
depending linearly on the number of vertices, that is ^P’ 7 i "+p-- > 7 ' 1 - iT1 +p where p, 71 ,..., "/d-i, /3, n 
are positive integers. This partially answers an open question posed in 0 by simplifying the 
formula given in [2l Corollary 1]. 

In the second section we calculate the number of spanning trees in the n-th and (n — l)-th power 
graphs of the /3n -cycle which are the circulant graphs generated by the n, respectively n — 1, first 
consecutive integers, denoted by Cp n and respectively, where /3 £ N^2- As a consequence, 

the asymptotic behaviour of it is derived. Cycle power graphs appear, for example, in graph 
colouring problems, see mm- 

*The author acknowledges support from the Swiss NSF grant 200021_132528/1. 
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The results obtained here are derived from the matrix tree theorem (see ID SI) which provides 
a closed formula of a product of )3n — 1 terms for a graph on [3n vertices. Our formulas are 
a product of [(3/2] — 1 terms and are therefore interesting when n is large. In both cases, the 
symmetry of the graphs is reflected in the formulas which are expressed in terms of eigenvalues 
of subgraphs of the original graph. This fact was already observed in El- 

Acknowledgements: The author thanks Anders Karlsson for reading the manuscript and useful 
discussions. 


2 Spanning trees in directed circulant graphs 

Let G be a directed graph and V[G) its vertex set. A spanning arborescence converging to 
v € V{G) is an oriented subgraph of G such that the out-degree of all vertices except v equals 
one, and the out-degree of v is zero. We define the combinatorial Laplacian of a directed graph 
G as an operator acting on the space of functions defined on V (G), by 

a g/ 0) = (/(^ - /(y)) (!) 

y: x^ry 

where the sum is over all vertices y such that there is an oriented edge from x to y. Equivalently, 
the combinatorial Laplacian can be defined as a matrix by = D~ — A , where D~ is the 
out-degree matrix and A is the adjacency matrix such that (A), ? is the number of directed edges 
from i to j. Let r~ (G, v) denote the number of arborescences converging to v. The Tutte matrix 
tree theorem (see [T]) states that for all v £ I/(G), 

t~(G,v) = det A<5 ^ 

where det Aq is the u-th cofactor of the Laplacian A q obtained by deleting the row and column 
of A q corresponding to the vertex v. For a regular directed graph G, we define the number of 
spanning trees in G, r(G), by the sum over all vertices v £ V(G) of the number of arborescences 
converging to v, that is 

t (G)= t ~( g > v )- 

vev(G) 

Notice that we could have defined the number of spanning trees by the sum over all vertices 
v £ V(G) of the number of spanning arborescences diverging from v. 

By symmetry, all cofactors of the Laplacian of a directed circulant graph are equal and are equal 
to the product of the non-zero eigenvalues of the Laplacian divided by the number of vertices. 
Therefore we have that 

|V(G)| 

t (g) = n a * 

fc=i 

where A*,, k = 1,..., |V(G)|, denote the non-zero eigenvalues of the Laplacian of G. The non¬ 
zero eigenvalues of the Laplacian of the directed circulant graph Z?/ 1 ’ •" rfd are given by (see [4', 
Proposition 3.5]) 

d 

X fe =d-^ e 2 ™ 7 ™*/", jfe = l,...,n-l. 

m =1 

This can also be derived by noticing that the eigenvectors are given by the characters \k(x) = 
e ‘27Tikx/n. fc = Q, — 1, and then applying the Laplacian (HI) on it. 
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In this section, we establish a formula for the number of spanning trees in directed circulant graphs 
d? n generated by T = {p, 71 n + p,..., 'Yd-in + p} and in the particular case of two generators 
C P p’^ n+p . Figure |T] illustrates a 2 and a 3 generated directed circulant graphs. We denote by 
Pk = d — 1 — 1 e 27r * 7mfc /^, k = 1, ...,/3 — 1, the non-zero eigenvalues of the Laplacian 

on the directed circulant graph and by % = 2{d — 1) — 2 cos(27T7 m k/f3), 

k = 1,... ,/3 — 1, the non-zero eigenvalues of the Laplacian on the circulant graph . 

Let A be a statement and 5a be defined by 


J 1 if A is satisfied 
^ 0 otherwise 



Figure 1: Examples of directed graphs 


Theorem 2.1. Let 1 ^ 71 ^ ^ 7 d-i ^ P and p, n be positive integers. For all even n £ N ^2 

such that ( p,n ) = 1 , the number of spanning trees in the directed circulant graph C T ^ n , where 
r = {p, 7 in + p,..., jd-in + p}, is given by 


T0 T Pn )=nd^~ 1 {l-5 t 

r/3/21-1 / 

x n 1- 2 

k =1 \ 

and for odd n £ N^i, 


(- 1 ) ? 


d-1 


(i+^(-i) 7 -r) 


1 _ n* 

d 


cos 


m =1 

2irpk 


- S f „L?(1 + Y, (-D 7 ")") 


n Arctg lEl-i ™( 2 >nwW}' 


l d- rj k /2 


1 _ Eh 
d 


2 n 


r/3/21-1 / 

X I 1 - 2 sgn(d-! 7 fc/ 2 ) 

fe=i V 


1 _ ffk 


cos 


2npk 

~T~ 


+ n Arctg 


( Elii sin(27T7 m k/p) 


y d-r] k /2 


+ 

1 _ Mfe 

// 

d 


where [~af| is the smallest integer greater or equal to x, |.| denotes the modulus and we set sgn(O) = 
1. The number of spanning trees in C^ n is zero if either (p, n) = 1 and /3, p, 7 m , m = 1,..., d— 1 
are all even or either ( p,n ) 7 ^ 1 . 
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Proof. From the Tutte matrix tree theorem, the number of spanning trees in 



n is given by 


/3n—1 

r(C^J = (d - e 2 ™P fc /(/3") 

k =1 


d-1 


^ e 27ri(7 m n+p)/c/(/3n)^ 
m— 1 


By splitting the product over k = 1,... ,f3n — 1 into two products, when k is a multiple of 0, 
that is k = 10 with l = 1,... ,n — 1, and over non-multiples of 0, that is, k = k! + l'f3 with 
k' = 1,..., /3 — 1 and l' = 0,1,..., n — 1, we have 


T 



We have that 


n— 1 f3— 1 n—1 d— 1 

][[ (d - de 27ripl/n ) niI^ _ ( 1+ E e ^ilmk/^ e 2 nipk/(pn) e 2 nipl' 


1 = 1 


k =1 Z'=0 


m— 1 


( 2 ) 


JJ (d - de 2mpl/n ) = d"" 1 © (i - e 2 ” pi/n ) = nd Tl_1 <5 (Pjrl)=1 . 

Z=1 Z=1 

This equality comes from the fact that (1 — e 2 ’ Klpl / n ) is the number of spanning trees of the 

directed graph which is isomorphic to the directed cycle on n vertices if (p,n) = 1, and is 
not connected if (p, n) ^ 1. Therefore the product is equal to nd( Pjn )-i. 

Hence, if (p, n) ^ 1, we have 

T0 V p n ) = °- 

Let p be relatively prime to n. Using that the complex numbers e 2nll ' n , l = 0,1,..., n — 1, are 
the n non-trivial roots of unity, we have for all x, 


n— 1 

Yl {x - e 2 ™ lp / n ) = x n - 1 . 
1=0 

since (p,ri) = 1. Equivalently we have, 

n —1 

(1 — xe 27vilp t n ) = 1 — x n . 

1=0 


Using this identity in ©> enables to evaluate the product over l', it comes 


3-1 


d -1 


r(C^ n ) = nd /3n " 1 ©(i - 4(! + e ^n m k/^n e 2^ P k/f>y 


k= 1 


m= 1 


(3) 


(4) 


For odd f3 we write the product over k, k = 1,..., (3 — 1, as a product from 1 to (/? — l)/2, 
and for even (3 we write it as a product from 1 to (3/2 — 1 and add the k = 0 /2 factor 
which is given by 1 — (—l) p (l + i(—l) 7m )"/d". Writing the above expression in terms of 
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Atfe = d - 1 - X)m=i e 2n, ' ymk /P, it comes 

T0 T pn) = nd Pn -^ + £ (-1)^)") 

m= 1 

r/3/2i-i 

X JJ {l-(l-n k /d) n e 2 ™ pk /P){l-(l-nl/d) n e- 2nipk / f} ) 
k=1 

= nd^ n ~ 1 (l ^ Sp eve„^( 1 + £ (-1) 7 ™)") 

m— 1 

r/3/2i-i 

x (1 - 2|1 - /z fc /d| n cos(27rpfe//3 + mj> k ) + |1 - p, k /d\ 2n ) (5) 

k= 1 


where <f> k is the phase of the complex number 1 — n k /d such that 1 — p k /d = |1 — p k /d\e l ^ k . We 
have 

li k /d\ = ~^{i d ~ Vk/?) 2 + ( X] sin(27T7 m fc//3)) ) 


11- 


and 


d-r) k /2 . Emil sm(27r 7m fc/^) 

cos d> k = — - r , sin (j) k = — m 


\d~n k \' \d-H k 

Therefore for k such that d — i] k / 2^0, the phase is given by 


(j> k = Arctg 


/ En I i 1 sin(27T7 m fc/^) \ 


y d-ijk/2 


+ en 


( 6 ) 


where e = 0 if sgn(d — 77 ^/ 2 ) = 1 and e € {—1,1} if sgn(d — r] k / 2) = —1. For k such that 
d — r] k /2 = 0, we take the limit as d — r) k /2 —» 0 in ([6]), with e = 0. The theorem follows by 
putting equation (|6| into equation ([ 5 ]). 

When /3, p and 7 m , m = l,...,d— 1 are all even, the directed circulant graph C^ n is not 
connected and therefore the number of spanning trees is zero, this is reflected in the formula. □ 

In the following theorem we state the particular case on two-generated directed circulant 
graphs. 

Theorem 2.2. Let 1 ^ 7 ^/? and p, n be positive integers. For odd /3 and all n £ such 
that ( p,n ) = 1, the number of spanning trees in the directed circulant graph ~^ p f^ n+p is given by 

(/?-l)/2 

r (^/ 3 n" +P ) = n2 ^" -1 XJ ^1 — 2 cos(27r(p + 7 n/ 2 )fc// 3 ) cos n ( 7 T 7 fc// 3 ) + cos 2 ra ( 7 T 7 /c// 3 )^ 
k= 1 

and for even fi, if 7 or p is odd, then 

/3/2-1 

T (C P pff n+p ) = n2 dn ~ 1+s ~ l e '" >n ^1 — 2cos(27r(p + 7 n/ 2 )fc// 3 ) cos n ( 7 T 7 fc// 3 ) + cos 2 "( 7 T 7 fc// 3 )^. 

k =1 

The number of spanning trees in d^’ r }" +p is zero if either ( p , n) = 1 and j3, p and 7 are all even 
or either (p, n) 7 ^ 1 . 
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Proof. From equation § it follows 


T 0pn n+P ) = n^- 1 HU- e 27ri(p+7 " /2)fe//3 cos” (777 A;//3)). 

k —1 

For odd 0, we have 

(/ 3 -l )/2 

r(C p ^ n+p ) = n2 0n ~ 1 (! - e 2m(p+7n/2)fc//3 cos n ( 7 r 7 fc// 3 )) 

fc=i 

x (1 - e - 2 ^(p+7n/ 2 )fc//5 C o S «( 7 r 7 Jfe//3)) 

(/3—1)/2 

= n2 /3ll_1 (1 — 2 cos(27r(p + 7 n/2)/c//3) cos”( 7 r 7 fc// 3 ) + cos 2 "( 7 T 7 fc// 3 )). 

fc=i 

For even /3, the factor k = / 3/2 is added: 

! 0 if p and 7 are even 
1 if 7 is odd 
2 otherwise 

For even 0, p and 7 , the graph is not connected and therefore the number of spanning 

trees is zero. Therefore if p or 7 is odd, we have 

0/2-1 

T{C™ n+p ) = n2 pn - 1+ ^ (! - e 27ri (p+7"/2)fe/0 cos n (7r 7 fc//3)) 

fe=i 

X (1 - g- 27r * ( P+7™/2)fe/0 cOs"(7T 7 fc//3)) 

0/2-1 

= n2 /3 ™~ 1+,5 ' T even 0 (1 — 2 cos(27r(p + r )n/2)k/0) cos"(7r 7 £://?) + cos 2 ™(7 T r yk/0)). 
k —1 


□ 


Examples. Consider the case when p = 0 = 3 and 7 = 2. 
r (^ 3 n” +3 ) = 0 if n is a multiple of 3, otherwise, 


It follows from Theorem 2.2 that 


r (^ 3 n" +3 ) = n2 3n 1 (1 — 2cos(27rn/3) cos"(27r/3) + cos 2n (27r/3)) 
= n(2 3n_1 - 2 2n cos(7rn/3) + 2”- 1 ) 


as stated in m Example 4.(iii)]. As another example, consider the case when p = 2, 7 = 5 and 


0 = 6. From Theorem 2.2 for even n, T(C^gjf” +2 ) = 0, and for odd n, 


t 0^6n. n+2 ) = n2 6rl X (1 — 2 cos(27r(2 + 5n/2)/6) cos n (57r/6) + cos 2ra (57r/6)) 
x (1 — 2cos(47r(2 + 5n/2)/6) cos"(107r/6) + cos 2 "(107r/6)) 

= ^(2 3n + 2 2n 3 n / 2 cos(7r?r/6) - 2 2n 3 (n+1)/2 sin(7rn/6) + 6") 
x (2 3 " - 2 2n " 1 3 n/2 cos(7rn/3) + 2 n - 1 3 (n+1)/2 sm(nn/3) + 2 n ). 
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3 Spanning trees in cycle power graphs 

The fc-th power graph of the n-cycle, denoted by C k . is the graph with the same vertex set as 
the n-cycle where two vertices are connected if their distance on the n-cycle is at most k. It is 
therefore the circulant graph on n vertices generated by the first k consecutive integers. In this 
section, we derive a formula for the number of spanning trees in the n-th and (n — l)-th power 
graph of the /?n-cycle, where /3 £ N^ 2 - As a consequence we derive the asymptotic behaviour of 
it as n goes to infinity. 

The combinatorial Laplacian of an undirected graph G with vertex set V ( G ) defined as an 
operator acting on the space of functions is 


a g/(z) = £(/(*) - f{y)) 

y~x 


where the sum is over all vertices adjacent to x. The matrix tree theorem [4] states that the 
number of spanning trees in G , r(G), is given by 


t (G) 


Eg'" 1 A* 

\V(G)\ 


where Afc, k = 1,..., |V(G)| — 1, are the non-zero eigenvalues of Aq. The eigenvectors of 
the Laplacian on the circulant graph G^"’ ra are given by the characters Xk{x) = e 2mkx /^ n \ 
k = 0,1,..., /3n — 1. Therefore the non-zero eigenvalues are given by 


n 

Afc = 2n — 2 cos(2nkm/ (/3n)), k = 1 ,..., /3n — 1. 

771=1 


Similarly, the non-zero eigenvalues on Gp n '' n 1 are given by 


71—1 

A k = 2(n — 1) — 2 cos(2irkm/((3n)), k = 1,..., /3n — 1. 

771=1 

Figure [2] below illustrates two power graphs of the 24-cycle. 



Figure 2: 8-th and 7-th power graphs of the 24-cycle 
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Theorem 3.1. Let (3 2 be an integer and Hk = 2 — 2cos(27 rk//3), k = 1,..., (3 — 1, be the 

non-zero eigenvalues of the Laplacian on the (3-cycle. The number of spanning trees in the n-th 
power graph of the fin-cycle C^ n for (3 ^ 3, is given by 

(3 n 


<c n 0n ) = 


2/30+1) 


-n' 


in-2 


m 2 

173/21-1 
x sin 2 

fc=l 


/ i \Pn 

(f + 2 n) ( 1 -P- + D -0 

7r(n + 1 )k 


P 


— n Arcsin 


n +1 


i/4n 2 //x fc + 2n + 1 


where [x] denotes the smallest integer greater or equal to x. For (3 = 2, it is given by 

r(C^) = (2n) 2 "- 2 (l + l/nr. 

The number of spanning trees in the (n — 1 )-th power graph of the (3n-cycle C^” 1 , for (3 ^ 3, is 
given by 


20{n+l) 

r(CV) = 


e - 2 )-* 

/ / 

7 r(n — l)fc 


0/21-1 

n 


X | | Sill 

fc=l 


— n Arcsin 


n — 1 


sjAn 2 /nk - (2n - 1) 


Aor (3 = 2, it is given by 


T (C 2 n ) = (2n) 2 " _2 (l — l/n) T 


Remark. We emphasise that in the cycle power graphs and C^ n there are (3 copies of 

n-cliques as subgraphs of the original graph. This fact appears in the formula by the factor 
2 = (n n-2 )^n 2 ^ -1 ^ since the number of spanning trees in the complete graph on n vertices 

~n—2 


IS n 


Proof. We prove the theorem only for the first type of graphs Cp n . The proof of the second type 
C;- 1 is very similar to the first one. The matrix tree theorem states that 


3n-l 


T (Con) = ( 2n ~ 2 cos(2nkm/((3ri))). 


k =1 


m= 1 


Lagrange’s trigonometric identity expresses the sum of cosines appearing in the above formula 
in terms of a quotient of sines: 

2 ± co s( 2 rtm /(/3n)) = S ‘" (( ’ 1+ , 1/ , 2 , ) , 2 ;Yr )> - L 
' sin 7 tk (bn)) 

m— 1 x ' v 77 


Hence, 


(3n—l 


-(Cp n ) = J- (sin(7rfc/ ((3n))) 1 ({2n + 1) sm(nk/((3n)) - sin(nk/((3n) + 2nk/p)). 


fe=i 


Using that there are f3n spanning trees in the (3n- cycle, that is nf:r 1 (2- 2 cos(27 rfc/(/3n))) = 
(3n, it follows that 

0n-l 

n sin {nk/iPn)) = 

k=l 


( 7 ) 



For the second factor, as in the proof of Theorem 2.1 we split the product over k = 1,..., (3n— 1 


into two products, first when k is a multiple of /3, that is k = 1(3 with l = 1 ,..., n — 1, and second 
when k is not a multiple of (3, that is, k = k! + l'(3 with k' = 1 ,..., (3 — 1 and V = 0 , 1 ,..., n — 1 . 
The product over the multiples of (3 reduces to 


n—1 


2 nsin( 7 r//n) = n n . 


!=1 


We have 


2 /3n— 


3-1n —1 


=-7 5 -s- n n ((2n + 1) sin(7r/c/(/In) + wl/n) — sin(7rfc/(/3n) + nl/n + 2nk/(3). (8) 
^ n ' fc=i ;=o 

The difference of sines in the above product can be written as 

(2n+ 1) sin(7rfc/(/3n) + 7r//n) — sm(nk/(f3n) + nl/n + 2irk/(3) = \zu \ sin(7r(n + l)fc/ {(3n) + 0k + 7rZ/n) 

(9) 

where 

= 2n cos{irk / (3) — *(2n + 2) sin(7rfc//3) =: \zk\e l6k . 

Let Wfe = 7r(n + 1 )k/((3n) + 9k, we have 


TT sin(w fc + 7 d/n) = —— TT ( e i (“ fe+7ri /") - e -<(<-*+*«A0 

xx (2z) n - LA 

z=o v ' 1=0 

n—1 


1 

c —iu] k n c m(n-l)l2 TT / 2_ e -2ml/n\ 
(2i) n ; 

sin(wfcn) 


2=0 


>n—1 


( 10 ) 


where in the last equality we used equation ©• Putting equations ©, © and ( |T0| ) together 
yields 


/3-1 


-(c^j = 


20n-l n n 


(M 2 L\ 2 


n sin ( 7 r ( n + i ) fc // 3 + n °k)- 


Notice that for even (3 , the phase of Zp/ 2 is Op/ 2 = — 7 t/ 2 , so that sin( 7 r(n + l)/2 + n0p/ 2 ) = 1. 
For (3 = 2, 21 = —2(n + l)z, hence 


For (3 ^ 3, we have 

2 "+/ 3 - 2 n n .i " 1 


r(C'L) = (2n) 2 "- 2 (l + l/nr. 


1/3/21-1 


-(c^j = 


(/3n ) 2 


(AW") II sin( 7 r(n + l)fc//? + n 0 k)sin( 7 r(n + l)(/3-fc)//J + n 00 _k). 


fc=l 


fc=l 


For 1 ^ k < f/3/2~| — 1, the phase of Zfc is = — Arcsin((2n + 2) sin( 7 rfc// 3 )/|zfc|). The phase of 
zp-k satisfies 

cos 9p_k = — cos 9k, sm9p-k=sia6k 
so that, 0p_k = 7 T — The modulus of Zk is given by 

\zk\ = ((2n + l ) 2 + 1 — 2(2n + 1) cos(27r/c//?)) 1 / 2 = (4?r 2 + (2 n + 1 
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where pk = 2 — 2 cos(27 rk/0), k = 1,..., ft — 1, are the non-zero eigenvalues of the Laplacian on 

1/2 

the /3-cycle. We have sin(7rfc//3) = p k /2. Hence for 1 < k ^ f/3/2”| — 1, the phase is given by 
9k = — Arcsin((n+ 1 )//Pk + 2n + 1). Therefore 


-(C^J = 


2 n+/3-2 n n £ 


-1 


I7*/21-1 


(/3n) 2 


m^r) n 


sin 


k—1 k—1 

The product of the modulus of Zk is given by 


7r(n + l)fc 

is 


— n Arcsin 


(n + 1) 


sjI \x k + 2n + 1 


( 11 ) 


S " 1 / 9 ?1 , 11 / 3/2 9~1 

nw=^n (2 n + 1 + l/(2n + 1) — 2 cos(2nk/ /3)) 1 / 2 


fc=i 


fc=0 


(2n + l)^/ 2 
2 n 


(2 cosh(/3 Argcosh(n + 1/2 + l/(4n + 2))) — 2) 


- oU/ 2 


= SiLti)! ( i _ (2B+ i ) - S) 

where the second equality comes from the identity (see [12 section 2]) 


( 12 ) 


0-i 

JJ(2cosh0 — 2cos(27 xk/n)) = 2cosh(/30) — 2. 
k =o 


Putting equality (12) into gives the theorem. 


□ 


Remark. We point out that the proof above could not be easily applied to other powers of the 
/3n-cycle, like C^~ p , where p ^ 2 or p < —1, because in this case Zk defined in equation |9j) 
would also depend on l and the phase 9k of Zk cannot be easily determined. As a consequence, 
the product over l cannot be evaluated in the same way as it is done in the proof. It would be 
interesting to find a derivation in this class of more general circulant graphs. 


From Theorem |3.1[ we derive the asymptotic behaviour of the number of spanning trees in the 
n-th, respectively (n — l)-th, power graph of the /3n-cycle as n — > oo. 

Corollary 3.2. Let fj £ N^ 2 - The asymptotic number of spanning trees in the n-th and (n—l)-th 
power graphs of the fin-cycle C^ n and as n —► oo is respectively given by 

O0n 

= —n^-V /2 + °(l)) 


and 


0/3n 

r(C n s- 1 ) = ^ n0n - 2 ( e ~ 0/2 +o( !))■ 


'0n / 2/3 

Proof. By observing that for all k £ {1,..., |~/3/2] — 1}, 
n + 1 


lim 


yjAn 2 /p k + 2n + 1 


= sin(7rfc//3) and lim 


n — 1 


00 4n 2 /pk - (2n - 1) 


= sm(nk//3 ) 


where pk = 2 — 2 cos(27r/c//3) and using relation |7| the corollary is a direct consequence of 
Theorem I3.ll □ 
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